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A Nonlinear Guidance Scheme
for Intercept Mission

RoBERT F. WEBBER* AND GIOVANNI BONFANTIT
Martin Marietta Corporation, Orlando, Fla.

Introduction

GUIDANCE law has been devised to reduce the airborne

computational load associated with forward prediction (by
numerical integration) of the state vectors of both interceptor
and target. The scheme provides a solution for the guidance
command in essentially closed-form and considers the nonlinear
effects of maneuver-induced drag on the interceptor. The
maneuver histories derived are optimal in nature, in the sense
that they maximize the interceptor velocity at the time of inter-
cept, thus minimizing the energy loss due to drag.

Equations of Motion and Guidance Law

Consider a right-handed coordinate frame (xyz) whose origin
coincides with the predicted intercept point, and its orientation
is such that the abscissa is always in the direction of the inter-
ceptor velocity vector V; (Fig. 1). To maintain this condition,
the xyz frame must rotate at a rate w identical to the angular
rotation of the velocity vector of the interceptor.

Assume that the motions are limited to one plane. Let the
interceptor be at a distance R, from the predicted intercept
point (i.e., the origin of xyz) and moving with velocity V, and
acceleration a. Call (i,j,k) the orthogonal set of unit vectors
corresponding to the xyz frame, then, referred to this frame:

R,=Rji+Rj, Vi=Vi+0j, a=ai+aj, o =k
Note that V, = 0 because of the selection of this particular frame.

As viewed by an observer in the xyz frame, the kinematics of
the interceptor are described by:

R,=V,+wR,, R,= —0R,, V,=a, (12)
V,=a,— oV, =0=> 0= a)/V, (1b)

For a nonthrusting vehicle with an assumed parabolic C, — C,,
relationship, a, and g, are simply the drag and lift components
of acceleration given below, where p is the atmospheric density,

S, the reference area, W the weight, and 4 the induced drag
coefficient.

ay = —pS VA Cp, + ACLH)2W, ay = pSV2CL2W (2)
To derive the optimal navigational constant to maximize the

interceptor velocity at intercept, a proportional navigation type
of control will be assumed such that with constant K:KR,/R,
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= R,/R,. With R,, and R,, as the initial values of R, and R,,
respectively, the solution of this equation is:

R; = CR%, C=RyRi0 " 3)

Then, using Eq. (1), an expression for the lift acceleration
necessary to drive R, to zero is obtained

a, = —~KR,Vi*/(R,> + KR;?) @)
Assuming that the interceptor is in a near-collision course with
its target, it follows that R,/R; << 1 and for reasonable values
of K (ie, K <10), K(R,/R,? < 1, then defining B,
= pS,Cp,/2W and B; = 2WA/pS,, it may be shown that
V, ~ —V,%(Bp + K?*B,C*RHand R, = V, )
‘ avi/Vy = (—Bp — BIKZCZRlzK_4) dR, ©
Using the expression for C given in Eq. (3) and the fact that at
intercept R, = 0, both sides of Eq. (6) may be integrated from
Vo to V, and from R,, to R,, respectively, to obtain an expres-
sion for the final value of V;(¢V,,) in the form of In(V,;/V;0)
= BpR,, + (B;Ro?R;, 3*K?)/(2K — 3). Since In is a mono-
tonic function, to maximize V), it is only necessary to maximize
In V, f/V,,- Thus, setting the derivative of (6) with respect to K
equal to zero: K(K — 3)/2K — 3)? = 0. For K # 1.5 this equa-
tion becomes K(K — 3) = 0,0r K = 0,3.

The value of K =0 corresponds to the trivial case of no
maneuver and therefore, in general, no- intercept. Thus, the
solution K = 3 is the one that leads to maximum velocity at
intercept. To compute the guidance command as given by Eq. (4),
it is necessary to know R; and R, or, in other words, the location
of the origin of the xyz frame relative to the interceptor position.
Since this origin corresponds to the predicted intercept point,
it follows that the re-entry vehicle must arrive at that point
simultaneously with the interceptor. Knowing the equations of
motion of both the interceptor and its target it should be possible
to solve for their position as a function of time and find that
point in space that can be reached by both bodies in equal
amounts of time. To avoid having to integrate the differential
equations during the actual implementation of the proposed
guidance scheme, a method is presented that allows the solution
of the pertinent equations down to a point at which no integra-
tion is necessary. Unfortunately, this point does not quite yield
an explicit solution and some interative process must be invoked.
Yet, as far as the mechanization is concerned, the computational
requirements (memory and time) are expected to be considerably
less than those imposed by the equivalent integration scheme.

It has already been assumed that the interceptor is in a near-
collision course, ie. R, << Ry; thus it will, at this point, be
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assumed that the induced drag deceleration resulting from the
maneuver necessary to steer the interceptor into a collision course
is small compared to the zero-lift drag deceleration. This assump-
tion allows direct integration of Eq. (5), yielding the following
Approximate solution:

Vi = V1o/(BpViot + 1) and (7a)

T
R =R+ J Vydt = Ry + By~ 'In(V7,Bpt + 1)  (7b)
0

To obtain a better solution to Egs. (5), consider the first variation
given by:
Vi=V,+e,andR, =R, + & ®)
Equations (8) are a solution of Eq. (5) if they satisfy those equa-
tions; that is, if for K = 3:
& = —9B,C21712R12,
where ¥, and R, are given by Egs. (7).
At the final time ¢, corresponding to intercept, it must be true
that R, = 0. Then, defining the normalized time as t = BpV, ot
+ 1 and 1, = BpV,t; + 1, integration of Eqgs. (9) combined with
Eqgs. (7) and (8) yields
0 = Ry0Bp + Int, + 9C?B;By *{[(R,,Bp + 1)2 + 1]
‘(1 =7 + Int) + (RyoBp + Din’z; + §Inc} (10)
This equation could be solved for Ry, as a function of 7, (and
therefore for t;), but for the present analysis it is sufficient to
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Fig. 3 Acceleration histories of guidance laws.

VOL. 10, NO. 9

consider it as one equation in two unknowns, namely R,, and
t;. It is now necessary to obtain another equation relating the
same two variables to make a solution, although not explicit,
obtainable by some iterative scheme. This additional equation
is derived from the target equations.

For a nonmaneuvering target, and ignoring the effects of
gravity, the equations of motion may be expressed as

91 = yro = const and V3 = —BrV;%, By = pr/2pr (11)

Without loss of generality, the time origin may be taken at t,
ie, t, = 0, and assuming p, to be constant over the region of
interest, Eq. (11), rewritten as dV;/V;? = — By dt, may be inte-
grated from Vi, to V; and from t, =0 to ¢, to obtain ¥, as
function of time. This will in turn be used to compute the distance
AS traveled along the direction of V; in time ¢

t
AS = j Vydt = By~ 'In(VyoBrt + 1) (12)
0
From the geometry of Fig. 1
RcosA — AScosy; = Rpcos Ap (13a)
Rssin A — AS siny; = Rpsin Ap (13b)
Using the law of cosines
R;? = R? + (AS)? — 2RAS cos (A — y7) (14)
Also ’
Ry = —Rpcos(y; — ip) (15a)
Ry = Rpsin(y; — 4p) (15b)

Assuming the heading angle of the interceptor and the target
(y; and y;) and the relative quantities (R and A) are known
(observed), Eq. (15a) aided by (12), (13a and b), and (14), yields
the equation relating Ry, and ¢ that, for ¢ = t,, can be used in
conjunction with Eq. (10) to form a set of two equations in two
unknowns, Ry, and ¢, it is obvious that obtaining an explicit
solution for these two variables is, to say the least, cambersome
if at all possible and an iterative scheme is therefore suggested:
1) Select as the initial value of ¢, some easily computed quantlty,
such as tf = |Range/Range Rate| 2) substitute ¢t = £, in (12) to
obtain AS; 3) Obtain Rpsin A, and Rpcosp from Egs. (13);
4) Compute R,, from (15a) from (15b); 5) Let tf = t; and com-
pute 1, = BpVyot,+ 1; 6) Substitute these values for R, R,
and 7; in (10).

Unless Ry, and 7, are the proper values, Eq. (10) will not be
satisfied; that is, a nonzero value will be obtained. Recalling that
R,, is a negative quantity, it follows by inspection that a negative
answer at step 4) implim that the estimate of 7, and therefore
i, was too small, and vice versa. After a suitable form of cor-
recting tf is selected, the outlined steps are repeated until the
desired accuracy on tf, and therefore R,,, are obtained. At this
point, the desired acceleration command may be computed
from Eq. (4), with K = 3, ie, a, = —3R30V1%/(R1o> + 3R302).

Simulation

The presented guidance scheme, hereafter referred to as
WEBON guidance, was tested and compared against predictive
proportional navigation (PPN) by means of a digital simulation.
In both schemes the guidance command drives an estimated miss
distance to zero, that is, a predicted intercept point is found and
the interceptor is guided to that point. This prediction is updated
at fixed intervals of time during flight and each time a new gui-
dance command is transmitted to the autopilot of the inter-
ceptor. The difference between the two schemes is that PPN
requires forward integration of the simulated equations of
motion, for both vehicles, and for every guidance command
generated, whereas the presented scheme simply requires the
solution of algebraic equations.

The cases used to test WEBON guidance required extreme
extreme accuracy in the presence of poor intercept geometry.
The philosophy being that if the iterative process proposed for
the solution of Eq. (10) converged adequately for the cases
selected, it would be safe to assume adequate convergence under
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Table 1 Comparison of guidance laws

Acceleration Time-to-go,

© Time, command, fps sec Number of

sec iterations
WEBON PPN WEBON PPN

0.1 —934 —873 0.9530 0.9574 4
0.2 —1,030 -961 0.8539 0.8576 4
0.3 —983 —933 0.7547 0.7572 4
0.4 —882 —864 0.6554 0.6568 4
0.5 -757 —774 0.5559 0.5565 4
0.6 —599 —670 0.4562 0.4563 3
0.7 —404 —552 0.3564 0.3563 3
0.8 —164 —419 0.2565 0.2564 3
09 163 —257 0.1566 0.1565 3
1.0 633 58 0.0566 0.0565 2
At intercept:
Guidance scheme Time, sec g-s Miss, ft
WEBON 1.057 18.5 1.5
PPN 1.057 19.4 1.7

less stringent conditions. Thus, engagements between a very fast
interceptor (~ 10 kfps) and a target with velocity superiority of up
to 2:1 were simulated. The geometry of an actual engagement
simulated is depicted in Figure 2. The origin of the coordinate
frame is at an altitude of approximately 25 kft and the total
duration of the engagement is just over one second. Thus
WEBON was tested here in the role of homing guidance. For
economical reasons, only deterministic cases were cons1dered
here. :

- Results

Trajectories for a simulated engagement are shown in Fig. 2.
The corresponding interceptor acceleration command histories
obtained with PPN as well as WEBON guidance are shown in
Fig. 3. Table 1 presents a numerical comparison of these guidance
commands showing, in addition, a comparison of the time-to-go
estimates as a function of engagement time, and the number of
iterations requlred for convergenoe by the presented guidance
scheme.

In spite of the comparison agalnst a very sophlstlcated gui-
dance ‘scheme; the résults obtained were encouraging. The
energy loss due to drag was, as in the case shown in Table 1,
reduced in all cases considered. This reduction would be more
pronounced against simpler guidance schemes, such as propor-
tional navigation. The fact that atmospheric density had to be
assumed constant to obtain the closed form solution presented
may .account for part of the difference shown in the initial
estimates of £ > but this did not prove detrimental.

Mechanical Behavior of Fiber
Reinforced Cylmdrlcal Shells
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O date, the effects of material anisotropy on the static
L behavior of cylindrical shells has been ‘studied by several
investigators! ~#In all of these analyses though, no numerical
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results are available for the case of nonsymmetric loading of
such shells. The present Note studies the mechanical response
of a statically loaded, fiber-reinforced cylindrical shell with
arbitrary boundary conditions. Specifically, the effects of fiber
orientation on the shell stress, strain and displacement fields of
the cylinder are discussed in detail. Since the cylinder is fiber-
reinforced, the material properties are characterized as a general-
ized Hookean material characteristic of amsotroplc shell theory.

The position of a point of a cylindrical shell is given by § the
circumferential variable, x the axial distance, and z the coordinate
normal to the middle surface. Furthermore, R is the radius of the
cylinder, H the thickness, and L the length. Since the cylinder
coordinates (x, B) generally do not line up with the fiber di-
rections, the 3-D constitutive equations will have certain aniso-
tropic compliances included. As shear deformation is admitted
in the present analysis, the constitutive equatlons appropriate
to the cylindrical shell haye the form

Oxx Eir Eqp Egi3 0 0 Exx
Osp " By Epy O 0 &gp
Oep | = Eia O 0 &g 1)
Opz . Ess Ese €z
O . E66 Ex

where o,,,... and e,,,... are 3-D stresses and strains.
Since shear deformatlon is admitted, the’ shell strains and
stresses are given by

b = 4 + zu D ' (2a)

8,,,, =[1/R + D]0,9 + [Z/(R + 2)]o, P + [1I/(R + 2)]w*?  (2b)
=[1R+ 2JuP + [z/(R + D]u§’ + 0.0 + 20,V (20)
=[1/(R + 2)]w, — [1/(R + )]0 —

[z/(R — z)]v“) + v 2d)
gy =t + W, 2e)
{59, a,%’, ¢9; ¢ aflﬂﬂ = < (Ogxs Oxps Orc) (R + 2) (1;2) > (3a)
{6 o), 625 648, oW} = < (6pxs Opp, Gp) (1;2) > (3b)

For notational convenience ( ), x and ( ), f denote partial differ-
entiation with respect to x and f and < > is defined by #

+H/2
(= j ()de @
' -m2
Furthermore, &, v*?, and w'® are the shell displacements of the
middle surface in the x, f and z directions and #®, v!*) are the
rotations of the-normal to the middle surface in the x and f
directions. For the material properties characterized by Eq. (1),
the displacement equilibrium equations can be written as®
Blc’xx+B2CsBﬁ+B3C’xﬁ+B4Cﬁx+BS§sﬂ +B6c+F= 0 (5)
where the coefficients B, [ = 1,2,...,6 are five by five matrices
such that B, B,, B; and Bg are Hermitian while B, and B; are
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% The integration defined by Eq. (4) is performed in the manner
of Fliigge second order theory.’ .



